Abstract-We propose a weighted canonical form for singleinput systems with noncontrollable first order approximation under the action of formal feedback transformations. This weighted canonical form is based on associating different weights to the linearly controllable and linearly noncontrollable parts of the system. We prove that two systems are formally feedback equivalent if and only if their weighted canonical forms coincide up to a diffeomorphism whose restriction to the linearly controllable part is identity.
odd, is periodic with respect to the first variable, does not depend on the first variable or is odd and does not depend on the first variable.
The aim of the present paper is to construct a canonical form for single-input systems with uncontrollable linearization. We recall that normal forms for such systems have been already obtained [11] , [12] , [5] , [7] and so constructing canonical forms has been a challenging problem. Analyzing the proposed canonical forms should allow to describe symmetries and feedback invariants of single-input control systems with noncontrollable linearization.
I. NORMAL FORMS
All objects, that is, functions, maps, vector fields, control systems, etc., are considered in a neighborhood of 0 ∈ R n and assumed to be C ∞ -smooth. Consider the system
where f (0) = 0 and g(0) = 0 and let Λ :ẋ = F x + Gu be its linearization around the equilibrium point 0 ∈ R n . We assume this linearization to be noncontrollable, that is
for some positive integer r. Applying a linear feedback transformation we can always assume that the linear part (F, G) of the system is in Jordan-Brunoský canonical form
that is, the uncontrollable part, of dimension r, is defined by the matrix A 1 in the Jordan form and the controllable part, of dimension n − r, is defined by the pair (A 2 , B 2 ) in the Brunovský form.
We will be using the same notation S r (R, 0) for the space C ∞ (R r , 0) of smooth functions defined locally at 0 ∈ R r as well as for the space R[[x 1 , . . . , x r ]] of formal power series in x 1 , . . . , x r with real coefficients. For a smooth R-valued function h, defined in a neighborhood of 0×0 ∈ R r ×R n−r , we denote by
its Taylor series expansion at 0 × 0 ∈ R r × R n−r , where h
[m] (x) stands for a homogeneous polynomial of degree m in the variables x r+1 , · · · , x n whose coefficients are in S r (R, 0). 
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Following [12] , we will use different weights corresponding to the uncontrollable and controllable parts:
where, for any 1 ≤ j ≤ r, we set f
for a homogeneous polynomial. We will consider the action of the Taylor series expansion Γ ∞ of the feedback transformation Γ given by
(I.1) on the Taylor series expansion of the system Σ given by
(I.2) After having transformed (F, G) into its JordanBrunovský form we then study the action of the weighted homogeneous feedback
on the weighted homogeneous system
where the last n − r components of the vector field f 1 are equal to zero (which can always be achieved by a feedback transformation).
Denotez i = (z 1 , . . . , z i ). We proved the following result in [12] . 
where S j,m (z r ) are C ∞ -functions of the variables Denote by λ = {λ 1 , . . . , λ r } the spectrum of A 1 , that is of the uncontrollable linear part of the system (I.2). We say that an eigenvalue λ j is resonant if there is a r-tuple (α 1 , . . . , α r ) of positive integers such that
The set R j of all r-tuples α = (α 1 , . . . , α r ) satisfying (I.4) is called the resonant set associated to the eigenvalue λ j .
A normalization of the vector field f 1 (x) followed by a successive repeating of Theorem I.1, for m = 2, 3, · · · , yield the following result, see [12] :
Theorem I.2 There exists a formal feedback transformation Γ ∞ of the form (I.1), which brings the system Σ ∞ , given by (I.2), into its normal form
where the componentsf 
and (if the eigenvalues of
A 1 are distinct) the components f 1 j (z) off 1 (z) satisfȳ f 1 j (z) = ⎧ ⎪ ⎨ ⎪ ⎩ α∈R j γ j,α z α 1 1 · · · z αr r , if 1 ≤ j ≤ r 0, if r + 1 ≤ j ≤ n. (I.5) Above, P j,i , Q
II. CANONICAL FORMS
The objective of this section is to produce a canonical form for systems under consideration.
Consider the system Σ ∞ of the form (I.2) and assume that its linear part (F, G) has been already brought to the Brunovský-Jordan canonical form (A, B) . Let the first weighted homogeneous term of Σ ∞ which cannot be annihilated by a feedback transformation be of degree m 0 , m 0 ≥ 2. This means we can assume (see Theorem I.1) that, after applying a suitable feedback, Σ ∞ takes the forṁ
where the components of the first non vanishing homogeneous vector fieldf m 0 are of the form (I.3) for m = m 0 . Let s be the smallest nonnegative integer such that
for some 1 ≤ j ≤ n − 2. This implies that
We define j * to be the smallest integer 
For simplicity we will assume that θ j * (0) = 0. We have the following result. 
and, moreover, for any m ≥ m 0 + 1,
The form Σ ∞ CF satisfying (I.3), (I.5), (II.6) and (II.7) will be called the weighted canonical form of Σ ∞ . The following definition is crucial for an interpretation of the weighted canonical form.
Definition II.2 (i) Given a system Σ
∞ whose linear part is in Jordan-Brunovský canonical form, we will say that an invertible change of coordinates z = φ(x) is a diffeomorphism of the uncontrollable part if
(ii) We will say that two systems 
III. PROOFS
In this section we will prove our main results, which are Theorems II.1 and II.3.
A Proof of Theorem II.1
The proof of Theorem II.1 consists of three steps. In the first step, we will normalize the vector field f 1 . In the second step we will show that the componentf m0 j * of the first non vanishing weighted homogeneous term can be normalized. Finally, we will prove, by an induction argument, that the terms of degree m 0 + l − 1 can be put into their canonical form.
It is a well known result of Poincaré (see, e.g., [1] ) that if all eigenvalues are distinct, then by a formal diffeomorphism of the uncontrollable part we can get rid of all nonresonant terms and bringẋ j = λ j
To perform the second step of the proof of the theorem, we need to show that the coefficient θ j * (x r ) of the homogeneous term x
To see this, consider the weighted homogeneous system
and apply a weighted linear feedback defined by:
Notice that for any r + 1 ≤ j ≤ n, we have
where η j,j (x r ) = (x r ) with (0) = 0. It thus follows that the inverse of the transformation (III.1) is such that
for any r + 1 ≤ j ≤ n, and σ j,j = 1/η j,j . Using the fact that the transformation (III.1) and its inverse are triangular, we can show (see [14] for details) that, by applying a weighted homogeneous feedback of degree m 0 , we take the systemΣ m 0 into its normal form where the condition (II.6) is satisfied.
In order to normalize f m j * , for m ≥ m 0 + 1, we will need the following Lemma whose proof is straightforward and follows from the condition (II.3) . Define the flag of involutive distributions
Let us suppose that the system (II.1)-(I.3) is of the forṁ
where the vector fieldsf m (x), for m 0 ≤ m ≤ m 0 + l − 1,satisfy the conditions (I.3), (II.6), and (II.7).
Consider the feedback transformation
where the components φ l+1 j (x) of φ l+1 (x) are defined as follows:
The importance of this transformation is that it leaves invariant all terms of degree less than m 0 + l − 1 a nd takes the system (III.2) into the forṁ
Denote by a m 0 +l j,i+2 ,â m 0 +l j,i+2 , andã m 0 +l j,i+2 the weighted homogeneous invariants (see [12] ) associated, respectively, to the weighted homogeneous systems
It follows that
(III.6) for all (j, i) ∈ ∆ r , where we define the subset
By a tedious calculation (see [14] for details) we can prove that by an appropriate choice of feedback transformation (III.3)-(III.4), i.e., that of µ(x r ), we can havẽ
where (j * , s) ∈ ∆ r is given by (II.5). Applying a normalizing weighted homogeneous transformation of degree m 0 + l , we thus take the system (III.5) into the forṁ
where for any m 0 ≤ m ≤ m 0 + l, the components of the vector fieldf m (z) are given by (I.3), (I.5), (II.6) and (II.7).
This completes the proof of Theorem II.1.
B. Proof of Theorem II.3
Let us consider two systems Σ The transformation above is defined modulo a composition with a diffeomorphism of the uncontrollable part given by Definition II.2.
